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We theoretically study the polarization entanglement of photons generated by the biexciton cascade in a
GaAs/InAs semiconductor quantum dot �QD� located in a nanocavity. A detailed analysis of the complex
interplay between photon and carrier coherences and phonons which occurs during the cascade allows us to
clearly identify the conditions under which entanglement is generated and destroyed. A quantum state tomog-
raphy is evaluated for varying exciton fine-structure splittings. Also, by constructing an effective multiphonon
Hamiltonian which couples the continuum of the QD-embedding wetting layer states to the quantum confined
states, we investigate the relaxation of the biexciton and exciton states. This consistently introduces a tempera-
ture dependence to the cascade. Considering typical Stranski-Krastanov grown QDs for temperatures around
80 K the degree of entanglement starts to be affected by the dephasing of the exciton states and is ultimately
lost above 100 K.
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I. INTRODUCTION

In recent years, photons as qubits have been sent success-
fully over fiber communication channels,1,2 quantum cryp-
tography is technically feasible3,4 and quantum teleportation
of so-called entangled photon states was demonstrated.5,6 En-
tanglement in its simplest form is a nonseparable superposi-
tion of joint quantum states, in our case qubits, that shows
nonlocal quantum correlation. Among different proposals,7–11

very promising solid-state sources for entangled photon pairs
are semiconductor quantum dots �QDs�.12,13

The prospect of all-integrated photonic applications in
combination with compact semiconductor devices raises the
question of how robust and efficient an embedded entangled
photon source is when subjected to losses and dephasing due
to naturally occurring interaction with its surrounding host
material.

In this respect, Axt et al. investigated within a generating
functions approach in Ref. 14 the dephasing of an exciton-
biexciton QD system, which is coupled to an arbitrary num-
ber of phonon modes. With the focus on photon entangle-
ment, Hohenester et al. considered in Ref. 15 the elastic
phonon scattering at the device boundaries on a master equa-
tion level.

In this paper, we present microscopic calculations of a
phonon-assisted biexciton cascade in an InAs QD embedded
in an InGaAs wetting layer �WL�.16 The coupling of the dis-
crete QD states to the WL continuum via multiphonon
processes17 leads to dephasing rates that significantly limit
the entanglement output efficiency for high temperatures
�above 100 K�. An equation of motion approach allows us to
perform a quantum-state tomography of the photon density
matrix and to calculate the concurrence of the polarization-
entangled photons for experimentally accessible external pa-
rameters such as temperature, exchange splitting, or WL car-
rier density.

The paper is organized as follows. After the considered
system and calculated observables are introduced in more
detail in Sec. II, the different interactions of the QD carriers
with phonons and cavity photons are discussed in Sec. III.
Then the coupled equations of motion are derived, their dy-
namics evaluated, and the results presented in Secs. IV A and
IV B.

II. CHARACTERIZATION, GENERATION, AND
MEASUREMENT OF ENTANGLED PHOTONS

A. Fine structure of quantum dots and generation
of entangled photons

The atomlike discrete energy levels of a QD can be
pumped electrically18,19 or by photoexcitation,20 where elec-
trons in the WL conduction band �c� and holes in the WL
valence band �v� are created. The carriers subsequently relax
into the QD and occupy the discrete energy shells.21 In the
strong confinement regime, the relevant single-particle basis
is constructed by the heavy hole �HH� with total angular
momentum Jh=3 /2 and spin projection in growth direction
mj,h= �3 /2 and the electron with Je=1 /2, mj,e= �1 /2, as
shown in Fig. 1�a�.22,23

When the carriers occupy the lowest shell, two excitons
can form a bound singlet state, a biexciton ��B��.23 Under
emission of a �+ or �− polarized first so-called biexciton
photon, the system enters into an intermediate, optically al-
lowed exciton state. In a D2d-symmetric QD, these bright
exciton states, denoted by �X��, are degenerate and couple to
�� circularly polarized light ��+ ��−� labels right-handed
�left-handed� circularly polarized light�, as depicted in Fig.
1�b�.24,25 Subsequently, the QD carriers relax into the ground
state ��G�� by emitting a second so-called exciton photon. As
a consequence of total angular-momentum conservation,
both emitted photons are of opposite circular polarization,26
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see Fig. 1�b�. Since the exciton states �X�� are degenerate,
i.e., no fine-structure splitting �FSS� � is present, their decay
path can only be determined by their polarization, otherwise
they are indistinguishable.27

With an asymmetry in the semiconductor crystal, the non-
classical correlation of the photons is often spoiled. Under
strain, the dot’s symmetry reduces to C2v and the anisotropic
electron-hole exchange interaction splits the exciton doublet
into two states, �XH�=1 /�2��X+�+ �X−�� and �XV�=1 /�2��X+�
− �X−��, energetically separated by the FSS �, shown in Fig.
1�c�. These states couple to photon modes of orthogonal lin-
ear polarization along the direction of one crystallographic
axis, labeled horizontal �H� and vertical �V�, respectively.
The energetic separation of these states superimposes a
which-path information onto the emitted photon frequencies
and the degree of their entanglement is reduced. In typical
experiments, to efficiently collect the photons, the QD is
placed inside a cavity supporting only two modes of different
polarizations V and H with frequencies �V

cav��H
cav.28 Here,

these modes are assumed to be in resonance with the corre-
sponding exciton-ground-state transitions with a full width at
half maximum �FWHM� of �=10 �eV. Due to the finite
line width of the cavity modes, the slightly detuned
biexciton-exciton transition can still emit into the same cor-
responding modes �V/H

cav , see Fig. 1�c�.
Although the ideal case of zero splitting can be

recovered,13,29 phonons as a decoherence mechanisms will
have an impact on the performance of a QD as a source of
polarization-entangled photons, in particular, at elevated
temperatures. To provide a meaningful quantitative measure
of the entanglement, the next section will introduce the
concurrence.

B. Measure of entanglement—relevant quantities

Quantum-state tomography30 provides a measurement
scheme which gives access to the different elements of the
photon density matrix �pt. They are experimentally recon-
structed by measuring the two-photon cross-correlation func-
tion gij

2 �t ,	� �Ref. 31� over a mean photon-arrival time t. The
function gij

2 �t ,	� corresponds to the polarization correlation

between a biexciton photon emitted at time t and the subse-
quent exciton photon at time t+	 �Ref. 32�

gij
2 �t,	� 
 �ai

†�t�ai
†�t + 	�aj�t + 	�aj�t�� . �1�

The correlation function is written in terms of photon cre-
ation �ai

†� and annihilation �aj� operators of the different pho-
ton modes i , j� 	H ,V
, cf. Fig. 1�c�.

Since on average the two emitted photons exhibit a delay
time 	, we consider an experimental Hanbury Brown and
Twist-type setup, where the distance within the two light
paths to the detector is appropriately adjusted to compensate
	.29,33 This will enhance the probability to detect the two
photons at the same time. To present an easy accessible
analysis of the photon cascade we consider of all the statis-
tically distributed photon emissions solely such events were
the compensated delay time indeed is zero. In time-
integrated measurements, the temporal dynamics of the
density-matrix element �ii��pt�j j� is time averaged over the
arrival times t �Refs. 30 and 32�

�ij ª �ii��pt�j j� =
1

T
�

0

T

gij
2 �t�,0�dt�. �2�

Thus, the source of entanglement can be characterized by
�HV
 �âV

† âV
† âHâH�. The usual expression for the degree of

entanglement is the concurrence C �Refs. 34 and 35�

C = 2��HV� . �3�

III. MODELING AN EMBEDDED QUANTUM DOT AS A
SEMICONDUCTOR SOURCE OF ENTANGLEMENT

A. Hamiltonian and QD model

The coupled dynamics of observables, including the pho-
ton correlation function gij

2 , cf. Eq. �1�, can be generally de-

rived from the system’s Hamilton operator Ĥ via Heisen-
berg’s equation of motion

− i��t�Ô� = ��Ĥ,Ô�−� . �4�

A general setup of a two-level QD �Ref. 13� coupled to the
WL continuum inside a nanocavity is displayed in Fig. 2 and
its Hamiltonian is given by
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FIG. 1. �Color online� �a� QD band structure with spin states s= �J ;mj�. Since the light hole �LH� and split-off �SO� states lie energetically
well below the heavy hole �HH� states, only the latter and the electron states are relevant for the biexcitonic framework. �b� Cascade of a
symmetric QD with degenerate exciton states �X��. �c� Cascade with a FSS ��0 �without biexcitonic shift�. There are two possible paths:
either two photons with vertical V or horizontal H polarization are emitted into a cavity mode �V/H

cav with a spectral FWHM �. For vanishing
FSS, � the which-path information is lost and the photons are polarization entangled. With a FSS ��0, the photons are not fully polarization
entangled.
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Ĥ = ĤQD,0
c + ĤWL,0

c + Ĥ0
pt + Ĥ0

pn + ĤQD
c-c + ĤQD

c-pt + ĤQD,WL
c-pn

+ ĤWL,WL
c-pn . �5�

First, the kinetic energy of the confined QD carriers

ĤQD,0
c =�s��v

QDĥs
†ĥs+�c

QDês
†ês� and the WL carriers ĤWL,0

c

=�ks�vk
WLŵks

† ŵks appears. Fermionic operators describe elec-
trons and holes, where heavy holes in the v band �operator

ĥs� and electrons in the c band �operator ês� are included.
Here, the carrier spin state s= �J ,mj� is given for the holes
�electrons� by ↑= �3 /2;3 /2� �↑= �1 /2;1 /2�� and ↓= �3 /2;
−3 /2� �↓= �1 /2;−1 /2��. Similar to the operators for the con-
fined states, ŵks

† �ŵks� are creators �annihilators� of a hole
carrier in the WL continuum of the v band with spin state s
and wave vector k. For the WL carriers, we take into account
only the hole contributions of the v band, motivated in the
next section. The impact of spin-orbit coupling on the carri-
er’s energy can be neglected in QDs,36 and thus �i is as-
sumed to be independent of the carrier’s spin state.

The energy of the cavity photons and of the semiconduc-

tor bulk phonons is described by Ĥ0
pt=�i��iâi

†âi and Ĥ0
pn

=�q��LOb̂q
†b̂q. The Bosonic longitudinal optical �LO� pho-

non creation �annihilation� operators at wave vector q are

denoted by b̂q
† �b̂q�. The dispersion of the optical phonon is

treated within the Einstein approximation with ��LO
=36.4 meV.

The carrier-carrier interaction is included via ĤQD
c-c .14 The

electron-hole pairs in the QD interact with the cavity photons

of the quantized light field via ĤQD
c-pt. For a more detailed

derivation of ĤQD
c-pt and ĤQD

c-c , see Appendices A and B.
The interaction of the WL with the QD states via LO

phonons is considered in ĤQD,WL
c-pn and the electron-phonon

coupling within the WL in ĤWL,WL
c-pn . Both are discussed in

more detail in the next section, as they lead to temperature-
dependent dephasing rates �see Sec. III B�.

B. Multiphonon coupling of WL and QD

Embedded in a host material, quantum-confined electrons
in Stranski-Krastanov grown InAs/GaAs QDs interact via

LO phonons with a continuum of two-dimensional �2D�
electronic WL states only a few tens millielectron volt
away.21 This typically leads to temperature-dependent
dephasing times for the QD states.37–40 In the model re-
garded here, we restrict our investigation on the contribu-
tions of LO phonons.41,42

Depending on the dot size,21 the QD HH state is typically
separated more than one, but less than two LO phonon ener-
gies ��LO from the WL band edge, see Fig. 3. Therefore, to
effectively connect the QD holes with the WL, at least two-
phonon processes have to be taken into account, whereas
single-phonon processes do not contribute. Within the two-
phonon limit, the influence of the WL conduction band on
the QD electrons can be neglected, because, typically, more
than two LO phonons are necessary to bridge the energy gap
to the QD state. Therefore, the dephasing is dominantly de-
termined by the hole-WL interaction only. Moreover, the mu-
tual Coulomb interaction of the WL carriers is not included
as the carrier densities considered here are low.40 Under
these assumptions, microscopic dephasing rates can be de-
rived by using an effective Hamiltonian approach which
originates from a multiphoton theory.43 From the Hamil-
tonian in Eq. �5� the following contributions are used to cal-
culate the LO-phonon-induced dephasing:

ĤQD,WL = ĤQD,0
c + ĤWL,0

c + Ĥ0
pn + ĤQD,WL

c-pn + ĤWL,WL
c-pn .

Here, the phonon-mediated interaction between QD holes
and WL states and the carrier-phonon interaction within the
WL are given by

ĤQD,WL
c-pn = �

s
�
kq

g0k
q ĥs

†ŵks�b̂q + b̂−q
† � + H.a.,

κ

3D Bulk

0D QD

Phonon
bath

2D WL
states

pq1,q2
cw

M

FIG. 2. �Color online� General system scheme. Two electron-
hole pairs in a QD are coupled to the continuum of WL states via an
effective LO phonon interaction pcw

q1,q2. The phonons are treated as a
thermal bath. The QD has two levels with a conduction and a va-
lence band level and is placed inside a cavity. Here, the carriers
interact with photons via the electron-light coupling element M,
where a photon loss via � is assumed.

|k|
0

εQD
v

kresk

gq1
0k

gq2
kkres

Energy

εWL
vkres

εWL
v0

Phonons

�ωLO

FIG. 3. �Color online� Wetting layer system scheme. Shown in
blue is the parabolic 2D dispersion of the WL holes �2k2 / �2mh

��.
Marked on the energy scale are �i� the WL band edge �v0

WL which is
energetically separated from the QD v shell �v

QD by more than a
single-phonon energy: 
�v

QD=�v0
WL−�v

QD���LO, �ii� the WL states
at kres resonant with a two-phonon transition �vkres

WL =�v
QD+2��LO to

the QD. The transition from the resonant states to the QD pass
through intermediate states at �vk

WL with probability amplitude gk2k1

q .
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ĤWL,WL
c-pn = �

s
�

kk�q

gkk�
q ŵks

† ŵk�s�b̂q + b̂−q
† � + H.a.,

where H.a. stands for hermitian adjoint. The Fröhlich cou-
pling elements are gkk�

q which can be found in Ref. 44.

Within a projection-operator-based theory,43 ĤQD,WL is
mapped onto the resonant WL states and becomes

ĤQD,WL = ĤQD,0
c + ĤWL,0

c + Ĥeff �6�

with the effective LO-phonon-assisted WL influence on the

QD holes in Ĥeff. All other off-resonant contributions are
implicitly included in the coupling elements of the effective
Hamiltonian. Taking only two-phonon processes into ac-

count, Ĥeff reads45

Ĥeff = �
s

�
q1q2kres

pcw,s
q1q2ĥs

†ŵkress
b̂q1

b̂q2

+ �
s

�
q1q2kres

pwc,s
q1q2ŵkress

† ĥsb̂q1

† b̂q2

† , �7�

with the effective coupling elements

pcw,s
q1q2 = �

k

k�kres

g0k
q1gkkres

q2 �1 − �ŵks
† ŵks��

�vk
WL − �v

QD − ��LO

. �8�

The coupling elements contain Pauli-blocking terms �1
− �ŵks

† ŵks�� and therefore depend on the temperature and the

WL carrier occupation.19,46 The WL holes ŵkress
�†� in Ĥeff have

an energy of exactly two-phonon energies from the QD state
energy. A transition from these resonant WL holes at �vkres

WL to
the QD shell takes place under simultaneous emission of two
phonons. The whole process is energy conserving: �vkres

WL

−�v
QD=2��LO. In contrast, in the transition to the intermedi-

ate state at �vk
WL, energy conservation is always violated,

since the hole state at k is separated less than ��LO from
�vkres

WL but more than ��LO from the QD state, see Fig. 3. This
means that within the time-energy uncertainty, carriers relax
in a higher-order Markovian process and can violate the en-
ergy conservation in the intermediate steps.

The probability amplitude for these intermediate transi-
tions are gkkres

q2 and g0k
q1. Equation �8� shows that all possible

transitions between the QD and the WL are mediated by all
off-resonant WL states k. The strength of the coupling ele-
ment is determined by to what extent the energy-
conservation condition in the denominator is met in every
phonon-assisted electronic transition. We can use the effec-
tive Hamiltonian �6� to derive relaxation and dephasing rates
using Heisenberg equations of motion, where the hierarchy
problem is treated within a Born factorization.45,47,48 The cal-
culations lead to the following equations for the QD states:

d

dt
�ês

†ĥs
†� = − �i��0 + �w,s��ês

†ĥs
†� , �9�

d

dt
�ĥs

†ĥs� = − 2�w,s�ĥs
†ĥs� �10�

with the QD gap energy ��0=�c
QD−�v

QD and the WL-
induced damping rate45

�w,s = ��1 − fh,s��n + 1�2 + fh,sn
2��s. �11�

The damping �s is given by

�s =� � d3q1d3q2pcw,s
q1q2�pwc,s

q1q2 + pwc,s
q2q1� . �12�

In Eq. �11�, fh,s=�kres
�ŵkress

† ŵkress
� is used for the WL hole

density at the resonant energy, which in the carrier low-
density limit is assumed to be zero. Note that this implies
�w=�w,↑=�w,↓. The phonon bath is characterized by the

Bose-Einstein distribution n= �b̂†b̂�. Figure 4 displays the
temperature dependence of �w.

The damping rates in Eqs. �9� and �10� consistently ac-
count for the relaxation of the QD electrons.48 To discuss the
polarization entanglement between two emitted photons, we
proceed and determine the equations of motion governing
the relevant observables’ dynamics.

IV. RESULTS

A. Dynamics of the biexciton cascade

The overall dynamics aiming at the concurrence C is cal-
culated within a density-matrix approach. The complete den-
sity operator � considers the electron-cavity photon system
�s and reservoirs �r �LO phonons, WL carriers, and dissipa-
tive photon modes�. Initially at time t0, � factorizes ��t0�
=�s�t0� � �r�t0�. The losses, in particular, the temperature-
dependent WL-induced damping rates, cf. Eq. �11�, are in-
cluded via the reduced density matrix49

Temperature [K]
40 80 120 1600
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ax
at

io
n
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te

Γ
w

[1
/n

s]

40

80

120

FIG. 4. �Color online� The phonon-induced relaxation rate �w as
a function of temperature T. At about 80 K, �w has approached
1 ns−1 and starts to contribute strongly to the decay of the QD
states.
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�t�
s�t� = −

i

�
Trr�V�t�,�s�t0� � �r�t0��

−
1

�2Trr�
t0

t

	V�t�,�V�t��,�s�t� � �r�t0��
dt�.

�13�

The interaction with the reservoirs appears in V �e.g., Ĥeff,
see Eq. �7��. In a Markov approximation, this leads to a
decay of the QD populations and dephasing contributions to
the QD transitions due to their environment coupling.48 The
calculated damping rates �w from Eqs. �9� and �10� corre-
spond to a T1 time and are incorporated like the radiative
dephasing �rad in the Weisskopf-Wigner theory.31,49–51 Both
occur and lead to an overall damping of �=�rad+�w. The
electron-cavity photon dynamics is calculated via the

Liouville-von Neumann equation:52 i��t�
s= �Ĥ ,�s�, with the

total excitonic Hamiltonian

Ĥ = �
i=H,V

��i
cavâi

†âi + ��GĜ†Ĝ + ��HX̂H
† X̂H + ��VX̂V

†X̂V

+ ��BB̂†B̂ + �M�Ĝ†X̂HâH
† + Ĝ†X̂VâV

†

+ X̂H
† B̂âH

† − X̂V
†B̂âV

† + H.a.� .

For an arbitrary operator Ô, one can derive the temporal
evolution of the expectation value �O� by

Tr��t�
sÔ� = �t�Ô� = −

i

�
Tr��Ĥ,�s�Ô� =

i

�
��Ĥ,Ô�� .

An overview of the complex dynamics of the considered
correlation functions is given in Fig. 5, which unravels the
consequential interplay of the different quantities step by
step. A given biexciton density �initial condition� can decay
via two possible paths �left H and right V� and finally gen-
erate a photon pair �ij �i , j� 	H ,V
, cf. bottom of Fig. 5�. In

a first step, a photon-assisted coherence X̂i
†B̂âi

† �light blue
box� builds up, which then contributes to �i� a cross-

polarization coherence X̂V
†X̂HâV

† âH �red box�, particularly im-
portant to achieve entanglement in �VH, �ii� a two-photon

coherence Ĝ†B̂âi
†âi

† �light orange box�, which also leads to
an interference of the two paths and thus contributes to �VH,

or �iii� a combined exciton-photon density X̂i
†X̂iâi

†âi �dark
blue box�, which does not influence the degree of entangle-
ment. This gives meaningful insight into the underlying for-
mation process of polarization entanglement. In the weak-
coupling regime, only spontaneous emission in the cascade is
taken into account.

The concurrence C, as a measure for the degree of en-
tanglement, is determined by the photon density matrix, cf.
Eq. �3�. It is given by the off-diagonal element �VH

�t�âV
† âV

† âHâH� = 2i��V
cav − �H

cav + 2i���âV
† âV

† âHâH�

+ 2iM��Ĝ†X̂HâV
† âV

† âH� − �X̂V
†ĜâV

† âHâH�� .

�14�

Beside its damping due to cavity losses52 chosen to be �
=10 �eV, the two-photon correlation �VH is driven by two
higher-order correlations, cf. Fig. 5. Both include an exciton-

ground-state transition Ĝ†X̂i under emission of a photon âj
† of

opposite polarization as the �Xi� state would allow, e.g.,

Ĝ†X̂HâV
† . The transition process takes place in the presence of

a photon coherence âV
† âH generated by the previous

biexciton-exciton decay, see light-orange boxes in Fig. 5. As
these terms already include a single-photon coherence and
generate a second one leading to a two-photon coherence,
they are exactly the terms one would expect intuitively to
contribute to �VH. For a small FSS �=2�Vex�=�V

cav−�H
cav, the

fixed cavity frequencies �V
cav and �H

cav are in close resonance,
and �VH will slowly oscillate on the time scale given by the
corresponding FSS, see the orange curves �all at T=0 K� in
Fig. 6. Here, the total set of equations of motion is numeri-
cally evaluated to obtain �VH�t� �detailed discussion in Sec.
IV B�. For an increasing FSS, on the other hand, both fre-
quencies are detuned and �VH shows a strong oscillating be-
havior, compare red curves in Fig. 6. Here, the temporal
mean value of �VH is close to zero, and thus no entanglement
is observed in a time-averaged measurement, see Eq. �1�, and

ρHH ρV H ρV V

X̂†
V X̂H â†

V1
âH1

Ĝ†X̂H â†
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â†
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â†
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â†
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V2
â†
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HX̂H â†
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â†
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â†
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-1e-05

-5e-06

0

5e-06

1e-05

0 200 400 600 800 1000

T
w

o-
ph

ot
on

m
at

ri
x

ρ

Time [ps]

Re[ρVH] at Vex = 1 µeV
Im[ρVH] at Vex = 1 µeV
Re[ρVH] at Vex = 10 µeV
Im[ρVH] at Vex = 10 µeV

FIG. 6. �Color online� Temporal evolution of the nonintegrated
off-diagonal two-photon density-matrix elements at T=0 K �real
�solid� and imaginary �dashed� parts� for Vex=1 �eV �orange� and
Vex=10 �eV �red�. With increasing Vex, the oscillations become
more rapid.

FORMATION DYNAMICS OF AN ENTANGLED PHOTON… PHYSICAL REVIEW B 81, 195319 �2010�

195319-5



the red curve �all at T=0 K� in Fig. 7 for the time-averaged
�VH. For large FSS this means that the two different decay
paths are distinguishable, so that the photons are entirely
emitted in either the H or the V cascade, and there is no

overlap which is only generated by transitions like Ĝ†X̂HâV
† ,

containing both V and H indices. The which-path informa-
tion is conserved. However, for small FSS, there is an uncer-
tainty in the decay path and the photons become at least
partially polarization entangled.

B. Quality of entanglement

In this section we discuss how temperature affects the
concurrence and investigate the complete temporal dynamics
of the cascade by numerically solving the whole set of equa-
tions of motion �Eq. �14��, Eqs. �C1�–�C14� given in Appen-
dix C.

Since �pt is experimentally reconstructed by photocount-
ing experiments, all elements of �pt are given by time
integration.32 Recalling and employing Eq. �2� to the results
of Fig. 6, we discuss the time-averaged elements of �pt. As
can be seen in Fig. 7, the diagonal elements have a continu-
ous positive slope and start to saturate around 0.5 ns. Here,
the final value of the time-integrated diagonal elements is
reached at about 1 ns.53 However, the situation is very dif-
ferent for the off-diagonal elements, as they are complex
quantities that oscillate when Vex�0. Its absolute value �im-

portant for the concurrence� shows a nonmonotonous behav-
ior in Fig. 7. Obviously, the experimentally measurable con-
currence completely vanishes for a FSS higher than Vex
=20 �eV.

The concurrence will drop for increasing Vex as the time-
averaged �VH does. This can be clearly seen in the quantum-
state tomography shown in Fig. 8. The diagonal and the off-
diagonal contributions are still in the same order of
magnitude for Vex=1 �eV, cf. Fig. 8�a�, but a loss can al-
ready be seen. For a larger splitting, �VH vanishes in Fig.
8�b�. Figure 9 constitutes the central result of this work—a
temperature-dependent study of entanglement. First, Fig.
9�a� shows how the entanglement is lost with increasing FSS
as a continuous function of Vex. Here, the FWHM is deter-
mined by the values of the Coulomb parameters. When tem-
perature effects of the WL states are taken into account, the
concurrence can be spoiled even in the ideal situation of
degenerate exciton states, see Fig. 9�b�. For low tempera-
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tures, C will remain unaffected by the WL-induced dephas-
ing �, since the scattering times are well above 1 ns, cf. Fig.
4. Starting at approximately 80 K, the WL starts to affect C
as � reaches 1 ns−1, which corresponds to an energy of
0.7 �eV, close to the optical coupling strength of M
=1 �eV. The entanglement decreases for zero Vex until it is
entirely lost for temperatures beyond 100 K. For a higher
FSS with Vex�0, Fig. 9�c� shows that the degree of en-
tanglement is lost slightly earlier around 80 K.

Finally, to pick up on the topic of temporal dynamics of
the cascade addressed in Sec. IV A, let us consider a direct,
single path leading to no entanglement. We will follow the

blue HH �left� path in Fig. 5. The biexciton density �B̂†B̂�
decays exponentially with two � �radiative and phonon-
induced decay�, giving rise to an intermediate coupled

exciton-photon state �X̂H
† X̂HâH

† âH�. Subsequently, when this
state is sufficiently populated, it decays under emission of
the exciton photon, and a two-photon density �HH builds up.
In the given range of parameters �see Table I in Appendix A�,
Fig. 10 shows that the decay cascade happens on a picosec-
ond time scale. Even at low temperatures and Vex=0 �eV,
due to a high-cavity loss � �compared to the optical coupling

strength M�, both �X̂H
† X̂HâH

† âH� and �HH are only weakly oc-
cupied. The inset in Fig. 10 is a logarithmic plot of the dy-
namics which clearly shows the different lifetimes of the
involved quantities.

V. CONCLUSION

In summary, we present a microscopic theory of the re-
duced photon density matrix including all intermediate oc-
curring states in a two-photon cascade emission. The inter-
action of the dot states with the WL via LO phonons gives
rise to a strong reduction in the concurrence for temperatures
above 100 K for typical InGaAs self-assembled QDs. This
constitutes a severe restriction on room-temperature genera-
tion of entangled photons.

We further note, that the diagonal interaction of the QD
states with longitudinal acoustical phonons is a major contri-

bution to dephasing,55,56 which will ultimately influence the
quality of entanglement.15 Regardless of their impact, we
conclude that the inherit coupling to the WL imposes another
fundamental limit to the high-temperature generation of
polarization-entangled photons in quantum dot devices.
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APPENDIX A: CARRIER-CARRIER INTERACTION
AND EXCITON REPRESENTATION

Parts of the Hamiltonian in Eq. �5�, accounting for the QD
carriers and their interaction via the Coulomb potential

ĤCoul= ĤQD,0
c + ĤQD

c-c , are conveniently rewritten as14

ĤCoul = �
s

��0

2
�ês

†ês − ĥs
†ĥs� +

1

2�
ss�

�Veeês
†êsês�

† ês�

+ Vhhĥs
†ĥsĥs�

† ĥs� + 2Vss�
ex ês

†ĥ̂s
†hs�ês� − 2Vheês

†êsĥs�
† ĥs�� .

�A1�

The corresponding Coulomb elements Vee, Vhh, Vhe, and Vss�
ex

mediate the interaction.
The explicit values of these matrix elements depend

strongly on the geometry, size, and material of the
QDs.50,57–59 In this investigation, we focus on the impact of
electron-LO phonon scattering on the concurrence. There-
fore, we treat the matrix elements as parameters, which can
be determined in experiments.60

The electron-photon matrix element leads to selection
rules that have to be obeyed and so only electron-hole pairs
with opposite spins couple. More important, the Pauli prin-
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TABLE I. Numerical parameters.

Parameter Symbol Value

Electron effective mass me 0.043m0
a

Hole effective mass mh 0.450m0
a

LO phonon energy ��LO 36.4 meVa

QD band gap ��0 1.5 eV

Hole binding energy 
�v 1.5��LO

Coulomb parameters Vvc=Vvv=Vcc 25 �eV

V↑↑
ex =V↓↓

ex 0 �eV

Photon lifetime in a cavity � 10 �eV

Electron-photon coupling M 1 �eV

Radiative decay rate �rad �25 ps�−1b

aReference 54.
bNote that the radiative decay in a cavity is changed due to the
Purcell effect.
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ciple forbids two carriers to be in the same state �that is, the
spin state s= �J ,mj��.

With these considerations, only four states remain to de-
termine the system dynamics, defined by the following
operators:

Ĝ = ĥ↓ĥ↑ĥ↑
†ĥ↓

† ground-state operator, �A2�

B̂ = ĥ↑ĥ↓ê↑ê↓ biexciton-state operator, �A3�

X̂+ = ĥ↑ĥ↓ĥ↓
†ê↓ exciton-state operator 1, �A4�

X̂− = ĥ↓ĥ↑ĥ↑
†ê↑ exciton-state operator 2. �A5�

The exciton operators in Eqs. �A4� and �A5� emit into circu-
lar polarized light modes ��+ and �−�, if the nondiagonal

element V↑↓
ex is zero. Commuting these operators with ĤCoul

= ĤQD,0
c + Ĥc-c

c , we find that they are eigenvectors of ĤCoul.
Their corresponding eigenvalues are
���G , ��H , ��V , ��B� with ��G=0, choosing zero as
ground-state energy, and ��B=4EC+2��0+V↓↓

ex +V↑↑
ex with

EC= 1
2 �Vcc+Vvv−2Vvc�. The exciton energies ��H and ��V

are given in the two-particle basis as

��H/V =
1

2
�2EC + 2��0 + V↓↓

ex + V↑↑
ex � �� . �A6�

Responsible for the fine-structure splitting �, compare Fig. 1,
is the exchange splitting V↑↓

ex, which describes the repulsion
and attraction forces induced by different spin conformations
of electrons and holes. In the most general case, the exciton
states could differ in energy due to contributions like V↑↑

ex and
V↓↓

ex. Given these elements, the most general fine-structure
splitting can now be expressed quantitatively as �
ª

��V↑↑
ex −V↓↓

ex�2+4�V↑↓
ex �2. However, it is reasonable to assume

that in semiconductor QDs no spin preferences exist, thus
V↑↑

ex −V↓↓
ex =0, which leads to

� = 2�V↑↓
ex � . �A7�

To simplify the notation, we will refer to V↑↓
ex as Vex. In a

reduced C2v symmetry of strained dots, the off-diagonal ele-
ment Vex is nonzero and leads to a superposition of the ex-
citon states

X̂H =
1
�2

�X̂+ + X̂−�, X̂V =
1
�2

�X̂+ − X̂−� . �A8�

Here, H and V refer to the linear polarization of the emitted
photons in the biexciton cascade.

Using the space spanned by the new exciton operators, the
Hamiltonian is rewritten as59

ĤCoul = ��GĜ†Ĝ + ��HX̂H
† X̂H + ��VX̂V

†X̂V + ��BB̂†B̂

with Ĝ the ground state, X̂H/V the exciton, and B̂ the biexci-
ton annihilation operator, corresponding to the excitonic
level structure as depicted in Fig. 1�c�.

APPENDIX B: QD ELECTRON-PHOTON INTERACTION

Commonly, the Hamiltonian of the electron-photon inter-
action is taken in rotating-wave approximation31

ĤQD
c-pt = �M�

i

�ĥ↑ê↓âi�+

† + ĥ↓ê↑âi�−

† � + H.a., �B1�

where the corresponding spin states couple to circular ��

polarized light, i is the mode of the emitted photon, and M
denotes the electron-photon coupling matrix elements. Start-
ing with Eq. �B1�, we now switch to the new exciton opera-

tors X̂H/V by inserting the unity relation of the electron-hole
picture into Eq. �B1�. After normal ordering and using the
two-electron assumption, the electron-light interaction can be
written as50

ĤQD
c-pt = �M�

i

�Ĝ†X̂+ + X̂−B̂�âi�+

†

+ �M�
i

�Ĝ†X̂− + X̂+B̂�âi�−

† + H.a. �B2�

The electron-light interaction Hamiltonian ĤQD
c-pt is trans-

formed when the exciton operators are replaced with

X̂+ =
1
�2

�X̂H + X̂V�, X̂− =
1
�2

�X̂H − X̂V� . �B3�

It is convenient to define new photon operators

âiH
† =

1
�2

�âi�+

† + âi�−

† � ,

âiV
† =

1
�2

�âi�+

† − âi�−

† � . �B4�

The Hamiltonian now takes the form

ĤQD
c-pt = �M�

i

�Ĝ†X̂HâiH
† + Ĝ†X̂VâiV

† �

+ �M�
i

�X̂H
† B̂âiH

† − X̂V
†B̂âiV

† � + H.a. �B5�

We assume that our QD is placed inside a nanocavity, which
provides two different modes for the different polarizations
H and V corresponding to different frequencies �H��V.28

Since only two modes exist within the cavity, we investigate
a cavity-enhanced biexciton cascade. However, we remain in
the weak-coupling regime since the cavity loss �=10 �eV is
greater then the coupling strength to the field M =1 �eV.
Regarding only these two modes, the electron-light interac-
tion Hamiltonian can be written in a compact form

ĤQD
c-pt = �M�Ĝ†X̂HâH

† + Ĝ†X̂VâV
† + X̂H

† B̂âH
† − X̂V

†B̂âV
†� + H.a.

�B6�

At this point, the total Hamiltonian is written with the new
exciton and photon operators �H , V�.

APPENDIX C: EQUATIONS OF MOTION

The temporal evolution of the driving terms in Eq. �14� is
given by
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�t�Ĝ†X̂HâV
† âV

† âH� = i�− �H + 2�V
cav − �H

cav + i�/2 + 3i��

��Ĝ†X̂HâV
† âV

† âH� − 2iM�X̂V
†X̂HâV

† âH�

+ iM�Ĝ†B̂âV
† âV

†� �C1�

and

�t�X̂V
†ĜâV

† âHâH� = i��V + �V
cav − 2�H

cav + i�/2 + 3i��

��X̂V
†ĜâV

† âHâH� + 2iM�X̂V
†X̂HâV

† âH�

+ iM�B̂†ĜâHâH� . �C2�

The driving terms of the two-photon density matrix, in turn,
couple to combined exciton and photon coherences

X̂V
†X̂HâV

† âH and to the direct decay channel from �B� to �G�
emitting two photons with the same polarization, Ĝ†B̂âV

† âV
† ,

see orange box in Fig. 5. Crucial for entangling the two
decay paths is the exciton coherence, assisted by a photon
coherence, see red box in Fig. 5

�t�X̂V
†X̂HâV

† âH� = i��V − �H + �V
cav − �H

cav + i� + 2i��

��X̂V
†X̂HâV

† âH� − iM�Ĝ†X̂HâV
† âV

† âH�

+ iM�B̂†X̂HâH� + iM�X̂V
†ĜâV

† âHâH�

+ iM�X̂V
†B̂âV

†� . �C3�

In this equation, the two paths interfere. The influence in the

two-particle correlation �X̂V
†X̂HâV

† âH� increases the degree of
entanglement as this term couples back to the driving terms
of �VH, Eqs. �C1� and �C2�. Here, the resonance condition of
the frequencies is essential ��V−�H=�V

cav−�H
cav=��. A high

detuning � will diminish the contribution of Eq. �C3� to the
cascade, and both paths cannot interfere.

The other characteristic and important quantities in the
two-electron biexciton-cascade situation �cf. with two
coupled QDs �Ref. 50�� are the two-photon polarizations

�t�Ĝ†B̂âV
† âV

†� = i�− �B + 2�V
cav + i� + 2i���Ĝ†B̂âV

† âV
†�

+ iM�Ĝ†X̂HâV
† âV

† âH� − iM�Ĝ†X̂VâV
† âV

† âV�

− 2iM�X̂V
†B̂âV

†� �C4�

and

�t�B̂†ĜâHâH� = i��B − 2�H
cav + i� + 2i���B̂†ĜâHâH� ,

�C5�

− iM�X̂H
† ĜâH

† âHâH� + iM�X̂V
†ĜâV

† âHâH� + 2iM�B̂†X̂HâH� .

�C6�

Each path in the cascade has one biexciton-to-ground-state

transition like Ĝ†B̂âV
† âV

† . Its dynamics couples the biexciton-

to-exciton transition X̂V
†B̂âV

† with both exciton-to-ground-

state transitions Ĝ†X̂i. Remarkably, the origin of the en-
tanglement is directly visible, since a quantity of a different

path enters in Eq. �C4�: �Ĝ†X̂HâV
† âV

† âH�. Here again, the two

paths interfere. For maximal entanglement, the contributions

of the different paths Ĝ†X̂H and Ĝ†X̂V to the expectation val-
ues should be equally weighted. The photon-assisted
biexciton-to-exciton transition enters in the two-photon po-
larization and drives this quantity via the biexciton decay

�t�B̂†X̂HâH� = i��B − �H − �H
cav + 3i�/2 + i���B̂†X̂HâH�

− iM�X̂H
† X̂HâH

† âH� + iM�X̂V
†X̂HâV

† âH� + iM�B̂†B̂�

+ iM�B̂†ĜâHâH� , �C7�

�t�X̂V
†B̂âV

†� = i�− �B + �V + �V
cav + 3i�/2 + i���X̂V

†B̂âV
†�

− iM�Ĝ†B̂âV
† âV

†� + iM�B̂†B̂� + iM�X̂V
†X̂HâV

† âH�

− iM�X̂V
†X̂VâV

† âV� . �C8�

The occurring biexciton as well as the intermediate exciton-
photon densities are driven by the biexciton-exciton transi-

tion �X̂i
†B̂âi

†�

�t�X̂H
† X̂HâH

† âH� = − �� + 2���X̂H
† X̂HâH

† âH� − 2 Im�M�X̂H
† B̂âH

† �

+ M�X̂H
† ĜâH

† âHâH�� , �C9�

�t�X̂V
†X̂V

† âV
† âV� = − �� + 2���X̂V

†X̂V
† âV

† âV� + 2 Im�M�X̂V
†B̂âV

†�

− M�X̂V
†ĜâV

† âVâV�� . �C10�

From the perspective of the cascade, our course of action so
far put the cart before the horse since the actual dynamics

start with a loaded biexciton density �B̂†B̂�. In the visualiza-
tion of the complex interplay, Fig. 5, we followed a bottom-
to-top trail through the cascade, starting with the concurrence

determining �VH. The biexciton �B̂†B̂� as the top element of
the scheme decays via the H or the V intermediate exciton-
to-ground-state path

�t�B̂†B̂� = − 2��B̂†B̂� + 2 Im�M�X̂H
† B̂âH

† � − M�X̂V
†B̂âV

†�� .

�C11�

To complete the set of equations, two higher-order photon-
assisted exciton-to-ground-state transitions of the direct and
thus not entangled path are necessary

�t�Ĝ†X̂HâH
† âH

† âH� = i�− �H + �H
cav + i�/2 + 3i��

��Ĝ†X̂HâH
† âH

† âH� − 2iM�X̂H
† X̂HâH

† âH�

+ iM�Ĝ†B̂âH
† âH

† � , �C12�

�t�Ĝ†X̂VâV
† âV

† âV� = i�− �V + �V
cav + i�/2 + 3i���Ĝ†X̂VâV

† âV
† âV�

− 2iM�X̂V
†X̂VâV

† âV� − iM�Ĝ†B̂âV
† âV

†� .

�C13�
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With these polarization Eqs. �C12� and �C13�, the diagonal
elements i=H and V of the density matrix of the polarization
subspace are given

�t�âi
†âi

†âiâi� = − 4��âi
†âi

†âiâi� − 4 Im�M�Ĝ†X̂i
†âi

†âi
†âi�� .

�C14�
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